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Minimal C o n t r o l  F i e l d s  and 
P o l e - S h i f t i n g  by L i n e a r  Feedback 
J .  C a s t i *  
I. I n t r o d u c t i o n  
From a  p r a c t i c a l  p o i n t  o f  view, t h e  f i r s t  c o n s i d e r a t i o n  
i n  t h e  d e s i g n  o f  a  c o n t r o l l e r  f o r  a  p h y s i c a l  sys tem i s  f o r  
t h e  r e s u l t a n t  c o n t r o l l e d  sys tem t o  b e ,  i n  some s e n s e ,  s t a b l e .  
The p r e c i s e  s e n s e  i n  which t h e  s t a b i l i t y  i s  t o  be unde r s tood  
v a r i e s  w i t h  t h e  sys tem r e q u i r e m e n t s ,  bu t  an o f t e n  used c r i -  
t e r i o n  i s  t h a t  i n i t i a l  p e r t u r b a t i o n s  away from some d e s i r e d  
e q u i l i b r i u m  approach  z e r o  w i t h  i n c r e a s i n g  t i m e ,  s o - c a l l e d  
a s y m p t o t i c  s t a b i l i t y .  Such c o n s i d e r a t i o n s  a r e  w e l l  known i n  
t h e  e n g i n e e r i n g  l i t e r a t u r e  [l-21 and a r e  b e i n g  a p p l i e d  i n  
many a r e a s  of  contemporary i n t e r e s t  such  a s  ecology [ 3 ] ,  ur -  
ban sys tems [4 ] ,  and economics [5] . 
The pr imary  means f o r  r e a l i z i n g  t h e  s t a b i l i t y  o f  a con- 
t r o l l e d  sys tem i s  by feedback .  Some p a r t  o f  t h e  o u t p u t  o f  
t h e  sys tem i s  measured and compared w i t h  a d e s i r e d  l e v e l  o f  
sys t em performance.  The d e v i a t i o n  o f  t h e  a c t u a l  b e h a v i o r  
from t h e  i d e a l  i s  t h e n  used  t o  g e n e r a t e  a n  a p p r o p r i a t e  con- 
t r o l l i n g  i n p u t .  T h i s  s imp le  feedback  i d e a  h a s  been used w i t h  
g r e a t  s u c c e s s  i n  e n g i n e e r i n g  sys tems f o r  s e v e r a l  decades  and,  
as we have n o t e d ,  is  now e x p l i c i t l y  f i n d i n g  i t s  way i n t o  r e s e a r c h  
* ~ n t e r n a t i o n a l  I n s t i t u t e  f o r  Applied Systems A n a l y s i s ,  
Laxenburg, A u s t r i a  and U n i v e r s i t y  o f  Arizona,  Tucson, Ar izona ,  
U.S.A. 
o t h e r  c l a s s e s  o f  sys tems a l t h o u g h ,  i n  an i m p l i c i t  way, it  h a s  
a l s o  been used i n  t h e s e  a r e a s  f o r  y e a r s  s i n c e  v i r t u a l l y  a l l  
d e c i s i o n  makinq i n v o l v e s  such  feedback  n o t i o n s .  
O p e r a t i o n a l l y ,  one o f  t h e  c e n t r a l  q u e s t i o n s  i n  t h e  d e s i g n  
o f  a  s t a b i l i z i n g  feedback c o n t r o l  mechanism i s :  what measure- 
ments a r e  n e c e s s a r y ?  I t ' s  q u i t e  p o s s i b l e ,  p a r t i c u l a r l y  i n  
s o c i a l  and economic sys t ems ,  t h a t  e i t h e r  a l l  components o f  t h e  
s t a t e  of  t h e  sys t em may no t  be  d i r e c t l y  measurable  o r  we may, a t  
some expense  measure a l l  components o f  t h e  s t a t e  and wish t o  
know t h e  minimal number n e c e s s a r y  i.n o r d e r  t o  g e n e r a t e  a  s t a -  
b i l i z i n g  feedback  law. The s i t u a t i o n  i n  which n o t  a l l  compo- 
n e n t s  a r e  measurable  h a s  been t r e a t e d  i n  t h e  l i t e r a t u r e  by t h e  
i n t r o d u c t i o n  o f  a  s o - c a l l e d  " o b s e r v e r t t  [6]. It can be shown 
t h a t ,  a s y m p t o t i c a l l y ,  t h e  f i c t i t i o u s  sys t em w i t h  an o b s e r v e r  
behaves  i n  t h e  same manner a s  t h e  sys t em w i t h  complete  measure- 
ment c a p a b i l i t y .  T e c h n i c a l l y ,  t h i s  r e s u l t  d i s p o s e s  o f  t h e  
q u e s t i o n  o f  i ncomple t e  o b s e r v a t i o n s .  However, p r a c t i c a l l y  
s p e a k i n g  such  an  approach  h a s  i t s  drawbacks s i n c e  i n  any r e a l  
sy s t em t h e  c o n s t r u c t i o n  o f  an "obse rve r "  i s  n o t  w i thou t  c o s t  i n  
money, we igh t ,  r e l i a b i l i t y ,  e t c .  Thus, i t  i s  o f  some p r a c t i c a l  
i n t e r e s t  t o  a s k  what may be  done i n  t h e  way o f  s t a b i l i z i n g  a  
sys t em w i t h o u t  i n t r o d u c i n g  an o b s e r v e r  o r ,  i n  o t h e r  words,  
what measurements a r e  n e c e s s a r y  t o  g e n e r a t e  a  s t a b i l i z i n g  feed-  
back c o n t r o l  l a w .  
I n  t h i s  n o t e ,  we w i l l  examine t h e  q u e s t i o n  o f  minimal con- 
t r o l  f i e l d s  f o r  c o n s t a n t  l i n e a r  sys tems.  A comple te  s o l u t i o n  
t o  t h e  problem, even  f o r  sys tems w i t h  a  s i n g l e  i n .pu t ,  seems 
ext remely  compl ica ted  and,  a t  p r e s e n t ,  o u t  o f  r e a c h .  The 
main d i f f i c u l t y  s tems from t h e  f a c t  t h a t  t h e  s o l u t i o n  i s  n o t  
c o o r d i n a t e - f r e e  and,  consequent ly  , t h e  usua l  " c a n o n i c a l  form" 
t r i c k s  o f  l i n e a r  a l g e b r a  seem t o  be  o f  l i t t l e  use  i n  a r r i v i n g  
a t  a  complete s o l u t i o n .  However, r e s u l t s  r e l a t i n g  t h e  mini- 
mal f i e l d  problem t o  t h e  q u e s t i o n  of  ass ignment  o f  c h a r a c t e r i s -  
t i c  v a l u e s  have been o b t a i n e d  and a r e  r e p o r t e d  h e r e  a l o n g  w i t h  
some p o s s i b l e  approaches  t o  t h e  g e n e r a l  problem and examples.  
11. Problem Sta tement  
To beg in  w i t h ,  we c o n s i d e r  t h e  s i n g l e - i n p u t  c o n s t a n t  
l i n e a r  sys tem 
where F  and e, a r e  n  x n  and n  x  1 matr j -ces  o v e r  t h e  r e a l  numbers R ,  
r e s p e c t i v e l y ,  and u ( t )  i s  a  p i ecewise  con t inuous  s c a l a r  c o n t r o l  law 1 
d e f i n e d  f o r  a l l  t L 0 .  We s h a l l  l a t e r  c o n s i d e r  t h e  m u l t i - i n p u t  c a s e  
when G i s  a  r e c t a n g u l a r  m a t r i x  o f  s i z e  n  x  m ,  1 < m 2 n .  
' F o r  o u r  subsequent  development,  i t  i s  c r i t i c a l  t o  assume t h a t  
1 i s  comple te ly  c o n t r o l l n b l e ,  i . e .  t h e  c o n t r o l l a b i l i t y  m a t r i x  
I 
I 
c = [ ~ I F ~ ! F * E ~  (~"- 'g ]  
has  r ank  n  ( i s  n o n - s i n g u l a r ) .  
To avo id  degeneracy o f  t h e  problem, l e t  us  assume t h a t  F 
has  a t  l e a s t  one c h a r a c t e r i s t i c  va lue  w i t h  non-negat ive  r e a l  
p a r t  and  t h a t  c  0. Thus, t h e  f e a s i b l e  c o n t r o l  u  0 w i l l  
n o t  s t a b i l i z e  1 . F u r t h e r m o r e ,  we s h a l l  now r e s t r i c t  t h e  
a d m i s s i b l e  c o n t r o l  a c t i o n s  u  t o  b e  of  l i n e a r  f e e d b a c k  t y p e ,  
i . e .  u ( t )  = k l x ( t ) ,  where  k  i s  a n  n  x  1 c o n s t a n t  v e c t o r  o v e r  
P whose components a r e  t o  be c h o s e n  s o  t h a t  t h e  c o n t r o l l e d  
s y s t e m  
i s  a s y m p t o t i c a l l y  s t a b l e ,  i . e .  t h e  c h a r a c t e r i s t i c  r o o t s  o f  
F  4. g k l  l i e  i n  t h e  l e f t  h a l f - p l a n e .  Under c o m p l e t e  c o n t r o l l a -  
b i l i - t y  o f  1, t h e  "pole-shift in^" t h e o r e m  o f  l i n e a r  s y s t e m s  
t h e o r y  i n s u r e s  t h a t ,  g i v e n  any symmet r ic  s e t  o f  n  complex num- 
b e r s ,  i t  i s  p o s s i h l e  t o  f i n d  a  u n i q u e  k  s u c h  t h a t  F + g k l  
h a s  t h e  g i v e n  s e t  o f  numbers a s  i t s  c h a r a c t e r i s t i c  v a l u e s .  T h i s  e s -  
t a b l i s h e s  t h e  e x i s t e n c e  o f  a  s t a b i l i z i n g  c o n t r o l  law.  We may 
now s t a t e  t h e  
B a s i c  Prob lem o f  Minimal C o n t r o l  F i e l d s  ( B P ) :  
D e t e r m i n e  a  v e c t o r  k  s u c h  t h a t  
(i) F  + g k l  i s  a  s t a b i l i t y  m a t r i x ,  
( i i )  k  h a s  t h e  maximum number o f  z e r o  components .  
The min imal  f i e l d  c o n d i t i o n  ( i . i )  i n d i c a t e s  t h a t  i f  k  i s  a  
s t a b i l i z i n g  law and ki = 0 ,  t h e n  component xi o f  t h e  s t a t e  v e c t o r  
d o e s  n o t  a p p e a r  i n  t h e  f e e d b a c k  law g k l  , i . e .  i t  i s  n o t  
n e c e s s a r y  t o  measure  xi t o  s t a b i l i z e  1 by f e e d b a c k .  R e s u l t s  
r e l a t i n g  t o  t h e  R P  w e r e  g i v e n  b y  Casti  and  L e t o v  i n  [7] . I n  
[7 ]  t h e  s y s t e m  1 was c o n s i d e r e d  ' w i t h o u t  t h e  a s s u m p t i o n  
o f  l i n e a r  feedback and upper bounds were o b t a i n e d  on t h e  I 
number o f  components o f  x  a p p e a r i n g  i n  a  minimal f i e l d .  How- 1 
e v e r ,  t h e  t echn ique  used does no t  r e a d i l y  ex tend  t o  o b t a i n i n g  I 
t h e  e x a c t  dimension of  a  minimal f i e l d .  
S ince  t h e  RP seems ou t  o f  r e a c h  a t  t h e  moment, we c o n s i d e r  
t h e  f o l l o w i n g  modif ied  v e r s i o n :  
The P r e s c r i b e d  Poles  and Minimal F i e l d  Problem (PP) :  
Given a  symmetric s e t  o f  n complex numbers which a r e  t o  be  t h e  
c h a r a c t e r i s t i c  v a l u e s  o f  t h e  c o n t r o l l e d  sys tem I ) ,  de te rmine  I 
t h o s e  components of  x which may be  o m i t t e d  from t h e  measure- 
ments which g e n e r a t e  t h e  l i n e a r  c o n t r o l  law. 
I n  t h e  n e x t  s e c t i o n ,  we s h a l l  g i v e  a  complete s o l u t i o n  t o  ( 
PP i n c l u d i n g  a  t e s t  f o r  de t e rmin ing  whether  o r  no t  a  g iven  com- 
ponent  o f  x  may be o m i t t e d  i n  a  c o n t r o l  l a w  a c h i e v i n g  t h e  de- 1 
s i r e d  d i s t r i b u t i o n  o f  c h a r a c t e r i s t i c  va lues  f o r  1'. From an I 
o p e r a t i o n a l  p o i n t  o f  view, PP may e e  even more impor t an t  t han  I 
BP s i n c e  it e n a b l e s  us t o  p r e s c r i b e  i n  advance t h e  r a p i d i t y  w i t h  I 
which x  w i l l  approach t h e  o r i g i n  a t  t h e  expense ,  pe rhaps ,  o f  I 
an i n c r e a s e d  s i z e  o f  t h e  minimal f i e l d .  
111. The S o l u t i o n  o f  PP 
To g i v e  a  r easonab ly  c o n c i s e  s o l u t i o n  t o  PP, i t  i s  conveni-  I 
e n t  t o  reduce  1 t o  c o n t r o l  c a n o n i c a l  form, i . e .  i n t r o d u c e  a  I 
b a s i s  i n  t h e  s t a t e  space  s o  t h a t  F  and g  assume t h e  forms I 
where t h e  a ' s  a r e  t h e  c o e f f i c i e n t s  i n  t h e  c h a r a c t e r i s t i c  po ly -  
nomial  ~ ( z )  o f F, 
The t r a n s f o r m a t i o n  T  which e f f e c t s  t h i s  change i s  g iven  ex-  
p l i c i t l y  by 
T h i s  form c l e a r l y  p o i n t s  o u t  t h e  n e c e s s i t y  and s u f f i c i e n c y  
o f  complete  c o n t r o l l a b i l i t y  f o r  1 i n  o u r  r e s u l t s .  I n  t h e  
c a n o n i c a l  c o o r d i n a t e  sys tem,  we must c o n s i d e r  t h e  sys t em 
where c' = k l ~ ' l .  The sys tems Ican and 1' w i l l  have t h e  same 
c h a r a c t e r i s t i c  v a l u e s  s i n c e  T  i s  a  s i m i l a r i t y  t r a n s f o r m a t i o n .  
Our main r e s u l t  i s  
Theorem 1. Let  A = f A 1 , A 2 ,  ..., A 1 be a  ~ i v e n  symmetric  s e t  of 
n n  
complex numbers and l e t  Xjt;t(zJ - n ( z  - hi)  = z  t B z n - l  t *-• n  -1  i= 1 $1 
be t h e  d e s i r e d  c h a r a c t e r i s t i c  po lynomia l  o f  t h e  c o n t r o l l e d  
sys tem.  Then t h e  component xi w i l l  n o t  a p p e a r  i n  t h e  
feedback  law k  g e n e r a t i n g  t h e  sys tem 1' i f ,  and on ly  i f ,  
( k , ~ ' ~ ) )  = 0 ,  where T ( ~ )  i s  t h e  ith column o f  t h e  m a t r i x  T, 
i = 1 , 2 , .  . . , n ,  i . e .  c must be o r t h o g o n a l  t o  t h e  ith column o f  T. 
P roo f .  The p a r t i c u l a r  forms of  % and & show t h a t  
Thus, i f  t h e  c h a r a c t e r i s t i c  po lynomia l  o f  + + 2;' i s  t o  be 
n 
y $ + i c I ( ~ ) =  zn + I  6.2"-l,  we must choose ki = a  
i = 1 1 n - i + l  - ' n - i + l  
i = 2 , .  . . n .  T h i s  un ique ly  de t e rmines  k .  T rans fo rming  back 
t o  t h e  o r i g i n a l  c o o r d i n a t e  sys t em,  we have  k t  = E ' T .  Thus,  
ki = 0  i f ,  and on ly  i f ,  E ' T ( ~ )  = 0 ,  i . e .  k  i s  o r t h o g o n a l  t o  t h e  
ith column o f  T. Hence component xi w i l l  a p p e a r  i n  t h e  f eed -  
back  law g e n e r a t i n g  1' u n l e s s  E I T ( ~ )  = 0. 
The f o l l o w i n g  r e - s t a t e m e n t  of  t h e  theorem g i v e s  a  s i m p l e  
t e s t  f o r  d e c i d i n g  whe the r  o r  no t  c e r t a i n  components of  x may 
be o m i t t e d  i n  a  law g e n e r a t i n g  a  sys t em h a v i n g  A a s  i t s  cha rac -  
t e r i s t i c  v a l u e s :  
C o r o l l a r y ,  L e t  W b e  t h e  s u b s p a c e  o f  R" g e n e r a t e d  by t h e  
( i , )  ( i 2 )  ( i m )  
v e c t o r s  T  , T  ,. . . ,T a n d  l e t  b e  t h e  c o n t r o l  law 
g e n e r a t i n p  a 1' h a v i n g  A a s  i t s  s e t  o f  c h a r a c t e r i s t i c  r o o t s .  
Then components  xi ,xi  , . . . , x i  w i l l  n o t  a p p e a r  i n  t h e  c o n t r o l  
1 2 L m  
law k i f ,  a n d  o n l y  i f ,  ~ E W ,  t h e  o r t h o g o n a l  complement o f  W. 
I V .  Some Examples  
I n  t h i s  s e c t i o n  we p r e s e n t  a  few s i m p l e  e x a m p l e s  i l l u s t r a -  
t i n g  t h e  u s e  o f  t h e  r e s u l t s  g i v e n  above .  
Example 1. Assume t h a t  F a n d  g a r e  g i v e n  i n  t h e  c o n t r o l  
c a n o n i c a l  f o r m  
T h u s ,  t h e  c h a r a c t e r i s t i c  p o l y n o m i a l  o f  F i s  
XF ( z )  = z 4  - z 3  - 4 z 2  + 42 
T h i s  s y s t e m  h a s  t h e  t h r e e  u n s t a b l e  r o o t s  1 , 2 , 0 .  Assume we w i s h  
t h e  c o n t r o l l e d  s y s t e m  t o  h a v e  t h e  c h a r a c t e r i s t i c  v a l u e s  - 2 ,  
-1, -1, -1. Hence 
Comparing x F  and x ~ - ~ ~ ~ ,  we s e e  t h a t  
S i n c e  t h e  b a s i c  t r a n s f o r m a t i o n  m a t r i x  f o r  t h i s  example i s  T = I ,  
kl( = G I )  i s  n o t  o r t h o g o n a l  t o  any column o f  T. Hence, a l l  
components o f  t h e  s t a t e  w i l l  a p p e a r  i n  t h e  f e e d b a c k  law which 
p r o d u c e s  x ~ - ~ , ~ ,  . 
Now assume t h a t  we d e s i r e  t h e  c h a . r a c t e r i s t i c  r o o t s  t o  b e  
-1,-1,-1,-1. Then 
Hence,  k  = - 1  0, -10,  - 5 ) a n d  we s e e  t h a t  k ' l ~ ' ~ )  , i . e .  -corn- 
p o n e n t  x2 d o e s  n o t  a p p e a r  i n  t h e  c o n t r o l  l a w .  
Example 2 .  L e t  F and  v be g i v e n  by 
I t ' s  e a s i l y  v e r i f i e d  t h a t  1 i s  c o m p l e t e l y  c o n t r o l l a b l e  (C = 1) 
a n d  t h e  c o n t r o l  c a n o n i c a l  fo rm i s  
The m a t r i x  o f  t h e  b a s i s  t r a n s f o r m a t i o n  is  
The o r i g i n a l  s y s t e m  h a s  t h e  c h a r a c t e r i s t i c  v a l u e s  1 , 0 , 0 .  We 
a s s e r t  t h a t  i t  i s  n o t  p o s s i b l e  t o  s t a b i l i z e  t h i s  s y s t e m  by any 
l i n e a r  f e e d b a c k  law which  d o e s  n o t  measure  a l l  s t a t e  componen ts .  
F o r  e x a m p l e ,  t o  e l i m i n a t e  x  by t h e  o r t h o g o n a l i t y  c o n d i t i o n  3 '  
we must h a v e  
where  k' = ( k l  k2 k j ) -  Rut  
and  t h e  n e c e s s a r y  c o n d i t i o n  f o r  a s t a b i l i t y  p o l y n o m i a l  i s  t h a t  
a l l  c o e f f i c i e n t s  b e  p o s i t i v e .  Hence 
which  i s  i n c o n s i s t e n t  w i t h  t h e  o r t h o g o n a l i t y  r e q u i - r e m e n t .  A 
s imi lar  argument  h o l d s  f o r  t h e  e l i m i n a t i o n  o f  xl o r  x2. T h u s ,  
t h e  o n l y  way t h i s  s y s t e m  c s n  b e  s t a b i l i z e d  i s  i f  a l l  componen ts  
o f  t h e  s t a t e  are f e d  b a c k .  
V. M u l t i - i n p u t  Sys tems  
Now we b r i e f l y  c o n s i d e r  t h e  s i t u a t i o n  when 1 h a s  more t h a n  
o n e  i n p u t ,  i . e .  
w h e r e  G i s  a n  n  x  m c o n s t a n t  m a t r i x  w i t h  1 < m 5 n .  
The l i n e a r  feedback  law i s  now 
where K i s  a n  m x  n  m a t r i x  and t h e  sys tem 1' becomes 
The c o n t r o l  c a n o n i c a l  form o f  1 i s  somewhat more 
complex t h a n  i n  t h e  s i n g l e - i n p u t  c a s e  s i n c e  now changes o f  
b a s e s  i n  bo th  t h e  s t a t e  and c o n t r o l  s p a c e s  a r e  r e q u i r e d .  
The d e t a i l s  o f  t h e s e  t r a n s f o r m a t i o n s  a r e  d i s c u s s e d  i n  [lo]. 
Tne f i n a l  r e s u l t  i s ,  t h a t  f o r  (F,G) comple t e ly  c o n t r o l l a b l e ,  
i t  i s  p o s s i b l e  t h rough  b a s i s  changes t o  b r i n g  F and G t o  
t h e  forms 
k 
Here t h e  numbers o l , .  . . 1 q i z n s  a r e  t h e  Kronecker i n d i c e s  o f  t h e  
i=l 
p e n c i l  o f  m a t r i c e s  g e n e r a t e d  by F and G. The number m '  r e f e r s  t o  t h e  
number o f  columns o f  G which a r e  used i n  c o n s t r u c t i n g  t h e  
new b a s i s  by t h e  p r e s c r i p t i o n  g iven  i n  [lo]. The q u a n t i t i e s  
A 
deno ted  by "xu i n  F a r e  a l s o  de t e rmined  by t h e  p r e c i s e  
form o f  t h e  b a s i s  change d e s c r i b e d  I n  [lo]. 
A 
Let  K be t h e  feedback  law which c o r r e s p o n d s  t o  t h e  
d e s i r e d  p lacement  o f  t h e  c h a r a c t e r i s t i c  v a l u e s  o f  1' and l e t  
T  be t h e  m a t r i x  o f  t h e  b a s i s  t r a n s f o r m a t i o n  i n  t h e  s t a t e  
s p a c e .  Then we have 
Theorem 2. Component xi of 1 may be o m i t t e d  from t h e  
feedback  law g e n e r a t i n g  1' if, and o n l y  i f ,  T ( ~ )  i s  o r t h o -  
p o n a l  t o  each  row o f  K ,  i = 1 ,2 ,  ..., n .  
Proof .  Follows immediately from t h e  f a c t  t h a t  
For d e f i n i t e n e s s ,  t h e  m a t r i x  T i s  g iven  by 
A  A A  Ir Ire 
T = [ G I F G I . . . I ; ~ - ~ $  [ G ~ F G I * * * I ~ " - ~ ~ ]  
where r = rank G .  For a  proof  of  t h i s  r e p r e s e n t a t i o n ,  s e e  [8]. 
V I .  Discuss ion  
The f o r e g o i n g  r e s u l t s  r a i s e  s e v e r a l  i n t e r e s t i n g  q u e s t i o n s  
which m e r i t  f u r t h e r  i n v e s t i g a t i o n ,  i n  a d d i t i o n  t o  t h e  BP. 
Among t h e s e  a r e :  
i )  S i n c e  t h e  minimal c o n t r o l  f i e l d  is  c o o r d i n a t e  dependent ,  
what i s  t h e  "optimal1 '  c o o r d i n a t e  sys tem? Here "op t ima l "  i s  
unders tood i n  t h e  s e n s e  o f  s m a l l e s t  number o f  s t a t e  components 
a p p e a r i n g  i n  t h e  feedback law; 
ii) how can t h e  above r e s u l t s  be extended t o  n o n - l i n e a r  
and d i s c r e t e - t i m e  sys tems?  For  example, t h e  Poincare-Lyapunov 
Theorem [g] i n s u r e s  t h a t  Theorems 1 and 2 a r e  s t i l l  v a l i d  f o r  
sys tems of  t h e  form 1 
when 1 l f ( x ) l  I + 0 a s  11x1 1 + 0 and 1 l c l  1 i s  s u f f i c i e n t l y  s m a l l ;  
11x1 1 
iii) i f  t h e  i n p u t  m a t r i x  G i s  a t  o u r  d i s p o s a l ,  i n  
what manner s h o u l d  i t  be  s e l e c t e d  t o  make t h e  s i z e  o f  t h e  
minimal  c o n t r o l  f i e l d  a s  s m a l l  a s  p o s s i b l e ?  I n  [7], i t  
was shown t h a t  f o r  a  c e r t a i n  n o n - l i n e a r  f eedback  law,  t h e  
minimal  f i e l d  had d imens ion  one i f  G was a r b i t r a r y .  
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